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Model study of the electron-phonon coupling in graphene; relative importance of
intraband and interband scattering
H. Toren, L. Samuelsson, and B. Hellsing
Department of Physics, University of Gothenburg, Sweden
The aim of this model study of the electron-phonon coupling in graphene was to find out about
the relative importance of the inter- and intraband scattering and which phonon modes are the most
active. This was achieved by analyzing the electron-phonon matrix element of the carbon dimer
in the unit cell. We found that for the intra molecular orbital matrix elements the longitudinal
optical phonon mode is the active phonon mode. The matrix element corresponding to σ → σ is
greater than the matrix element for pi → pi . The inter molecular orbital scattering pi → σ is driven
by the out-of-plane acoustic phonon mode, while the out-of-plane optical mode does not contribute
for symmetry reasons. We found the unexpected result that the magnitude of matrix element of
the inter molecular orbital scattering pi → σ exceeds the intra molecular orbital scattering pi → pi.
These results indicate that the in general not considered inter-band scattering has to be taken into
account when analyzing e.g. photo-hole lifetimes and the electron-phonon coupling constant λ from
photoemission data of graphene.
PACS numbers: 68.65.Pq,63.22.Rc,63.20.kd
INTRODUCTION
Several experimental and theoretical studies of
graphene have been presented during the last decade.[1,
2] These investigations have revealed remarkable mechan-
ical [3], electronic [4], optical [5] and thermal [6] proper-
ties. However, unstrained pristine graphene is not consid-
ered to be a good superconductor due to a weak electron-
phonon coupling (EPC). The presented simple model
study confirms the weak EPC in the π bands while the
coupling should be considerably stronger in the occupied
part of the σ band.
Our investigation is inspired by the recently reported
experimental work by Mazzola et al.. [7] The evidence
of a strong EPC in the σ-band was revealed in angle-
resolved photoemission spectroscopy (ARPES) measure-
ments with a substantial lifetime broadening and a pro-
nounced characteristic kink in the band dispersion. The
EPC constant λ was determined to be approximately 1
near the top of the σ band. [7] This is about a factor 3-4
larger than what have been found in the π band.
The aim of this tight-binding model study has been
to sort out, (1) the relative importance of the inter-
band and intraband scattering and, (2) which phonon
mode contributes the most in theses scattering processes.
The study is focused on calculations and analysis of the
electron-phonon (e-ph) matrix element Me−ph, which
is the core of the EPC. Approximately we have that
λ ∼ |Me−ph|/Ω0, where Ω0 is the dominant phonon mode
frequency.
THEORY
The EPC constant λ can be examined in ARPES
measurements. The created photo-hole yields a non-
equilibrium which drives electron scattering in order to
fill the hole. According to the Heisenberg uncertainty
relation the energy width of the detected photo-electron
kinetic energy - the lifetime broadening - is inversely pro-
portional to the hole lifetime. At low temperatures, elec-
tron scattering is assisted by phonon emission. Theoret-
ical modeling in order to calculate the phonon induced
lifetime broadening enables estimation of the strength of
the EPC determined by λ. Experiments indicate that
the high energy optical phonon modes are the most ac-
tive modes in the EPC in graphene. [7, 8]
The strength of the EPC is determined by the e-ph
matrix element
Mνe−ph = 〈Φn′k′(r)|δV
νq(r)|Φnk(r)〉 , (1)
where Φnk and Φn′k′ are initial and final state wave
functions of bands n and n′, respectively. δV νq is the
phonon-induced deformation potential where ν and q la-
bels phonon mode and momentum, respectively.
Tight-binding model
In the tight-binding approximation the valence wave
functions of graphene are formed by superposition of the
atomic 2s and 2p orbitals. The σ band (n = σ) states are
built by 2s, 2px and 2py orbitals and the π band (n = π)
by the 2pz orbital. The tight-binding wave functions is
give by
Φnk(r) =
∑
usj
cnsj(k)φnsj(r−Rus)e
ikRus , (2)
where u labels the unit cells hosting the two different
carbon atom sites, s = A,B and Rus denote the equilib-
rium atom positions. The index j labels the atomic site
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FIG. 1: Schematic drawing of the graphene unit cell with the
two carbon atoms denoted by A and B and enclosed by the
dashed line. The two lattice vectors a1 och a2 are shown.
orbital. The orbital φnsj then refers to the orbital j of
atom type s of the band n. In the case of the occupied
bonding π band the site orbital is the same at all sites
φ2pz while for the σ band we have the three differently
oriented sp2 orbitals.
The deformation potential is given by
δV νq(r) = −
∑
us
uνqus · ∇v(r −Rus) , (3)
where q = k− k′ and
uνqus =
1
2
Aνqe
ν
s (q)e
iq·Rus , (4)
where Aνq =
√
h¯/Nmων(q) is the amplitude of phonon
mode ν, with N the number of unit cells, m atomic mass
and eνqs the phonon polarization vector. In the case when
the temperature is low enough that only phonon emission
has to be considered, which is the case in the experiment
by Mazzola et al. [7], we have
Mν,nn
′
e−ph = −
1
2
AνqD
ν
nn′(k,k
′)δk−k′, q , (5)
where
Dνnn′(k,k
′) =
∑
uu′u′′
∑
ss′s′′
∑
jj′
c∗n′s′j′(k
′)cnsjk(k) ×
m
nj,n′j′
s′′ (Ru′s′ ,Rus) · e
ν
s′′(q) ×
e−ik
′
·(R
u′s′
−R
u′′s′′
)eik·(Rus−Ru′′s′′ ),(6)
where the site e-ph matrix element is given by the local
site orbitals and the site dependent deformation potential
m
nj,n′j′
s′′ (Ru′s′ ,Rus) =∫
φ∗n′s′j′(r−Ru′s′)×
∇v(r −Ru′′s′′ )φnsj(r−Rus)dr , (7)
The vibrational amplitude of the individual carbon atoms
is at least an order of magnitude less than the lattice
parameter. Thus we expect that the greatest contribu-
tion to the three center integral in Eq. (7) is expected
for the case when Ru′s′ and Rus correspond to pairwise
nearest neighboring A and B sites and Ru′′s′′=Ru′s′ or
Ru′′s′′=Ru′s′ . The three center integral is then reduced
to a two center integral. However, it has been pointed out
that for a realistic deformation potential, the convergence
with respect to order of neighboring sites is surprisingly
slow.[9].
For our purpose to qualitatively understand the rel-
ative importance of the intraband and interband scat-
tering and the most important phonon mode in the two
cases, we simplify furthermore and assume that u = u′
referring to the unit cells of the atomic site wave func-
tions. Thus we consider only intersite scattering within
the unit cell.
We will take the matrix element of D as a measure of
the strength of the EPC. According to Eq. (5) we have
that |Mν,nn
′
e−ph |
2 ∼ |Dνnn′ |
2/Ω0, where Ω0 is a presumably
dominant phonon mode frequency. This connects to the
ECP strength measured by λ, which is determined by
the reciprocal frequency moment of the Eliashberg func-
tion which leads to the additional frequency factor in the
denominator, λ ∼ (|Dνnn′ |/Ω0)
2.
To simplify the notation to express Dνnn′ in Eq. (6) we
introduce the two molecular orbitals corresponding to the
binding σ and π orbitals. We refer to a coordinate system
with the z axis oriented in the direction of the AB dimer
of the unit cell and the x axis in the direction normal to
the graphene layer. With B atom in the origin and A
atom in the position z = RA the orbitals are written
Ψσ(r) =
∣∣sp2z〉A +
∣∣sp2z〉B
= |2s〉A − |2pz〉A + |2s〉B + |2pz〉B , (8)
and
Ψpi(r) = |2px〉A + |2px〉B (9)
where the low index A and B refers to the location of the
atomic wave functions in the unit cell. The normalized
molecular wave functions are then given by
Φn(r) =
Ψn(r)
〈Ψn|Ψn〉
. (10)
For the case u = u′ = u′′ and omitting phase factors,
which will be of types eik
′
·RA and eik·RA in Eq. (6), the
D matrix takes the form
D˜νnn′ = 〈Φn|∇vν |Φn′〉 . (11)
The diagonal elements of the D˜ matrix corresponds to
the intraband scattering D˜νσσ and D˜
ν
pipi, while the off-
diagonal elements D˜νσpi and D˜
ν
piσ correspond to interband
scattering.
3The deformation potential ∇vν referring to the three
optical phonon modes (ZO, TO and LO) and the three
acoustical modes (ZA, TA and LA) are generated by tak-
ing the gradient of the one-electron atomic potential V
at the A and B sites as follows
∇vZO = −
∂V
∂x
∣∣∣
A
+
∂V
∂x
∣∣∣
B
, ∇vZA =
∂V
∂x
∣∣∣
A
+
∂V
∂x
∣∣∣
B
∇vTO = −
∂V
∂y
∣∣∣
A
+
∂V
∂y
∣∣∣
B
, ∇vTA =
∂V
∂y
∣∣∣
A
+
∂V
∂y
∣∣∣
B
∇vLO = −
∂V
∂z
∣∣∣
A
+
∂V
∂z
∣∣∣
B
, ∇vLA =
∂V
∂z
∣∣∣
A
+
∂V
∂z
∣∣∣
B
.
CALCULATION
The radial part of the 2s and 2p orbitals are chosen to
be of Slater type [10]
R(r) ∼ re−
Z
∗
r
2 , (12)
where the effective nuclear charge is Z∗=3.25 a.u. [11].
In order to minimize the number of parameters while
hopefully retain the essential physics we assume that the
on-site effective one-electron potential V is spherically
symmetric and of the form of a screened coulomb poten-
tial
V (r) = V (r) = −V0e
−αr/r , (13)
where V0 is a positive constant and α is an inverse
screening length. We then have an analytical expres-
sion of the deformation potential ∇vν determined by
∂V/∂xi = xi(α+1/r)V (r), where (x1, x2, x3) = (x, y, z).
RESULTS
We have performed numerical calculations of the ma-
trix elements Dνn,n′ = 〈Ψn|∇vν |Ψn′〉. The contributions
from the optical phonon mode LO dominates completely
the intraband scattering, while the interband scatter-
ing is assisted by the acoustic mode ZA. For this rea-
son the corresponding matrix elements are analyzed in
more detailed. The screening constant is set according
to α = 0.253 a.u−1. This value corresponds to the in-
verse of the most probable radius of the 2s electron in
the free carbon atom. The distance between the A and
B atoms in the unit cell is RA = 2.683 a.u and V0 = 1
a.u.. The numerical value of V0 is of no importance as
the e-ph matrix elements all scales with V0 and we are
only interested in the relative magnitude of the matrix
elements.
TABLE I: Numerical results for the contribution from all the
phonon modes to the intraband scattering (σ → σ)
ν 〈Φσ|∇vν |Φσ〉
ZO 0
TO 0
LO 0.71
ZA 0
TA 0
LA 0
TABLE II: The atomic orbital contributions to the intraband
scattering matrix element (σ → σ) for the LO phonon mode.
〈Φσ|∇vLO|Φσ〉 × 10
2
Orbital |2s〉
A
|2s〉
B
|2pz〉A |2pz〉B Sum
|2s〉
A
1.08 1.44 7.72 3.35 13.59
|2s〉
B
1.44 1.08 3.35 7.72 13.59
|2pz〉A 7.72 3.35 3.03 8.05 22.14
|2pz〉B 3.35 7.72 8.05 3.03 22.14
71.46
Intraband scattering
In this section we analyze the intraband scattering
by numerically calculating the diagonal matrix elements
〈Φn|∇vν |Φn〉, where n = {σ, π}.
σ → σ
The contributions from the different phonon modes to
this intraband scattering is shown in table I. Evidently
the dominant contribution is due to the LO phonon
mode. The other phonon modes gives essentially zero
contributions (numerically < 10−15). In table II we show
the LO driven scattering resolved in terms of the scatter-
ing between the atomic 2s and 2pz orbitals.
The results show that all inter atomic orbital scatter-
ing is of the same order of magnitude. However the scat-
tering between |2pz〉A ⇀↽ |2pz〉B, |2s〉A ⇀↽ |2pz〉A and
|2s〉B ⇀↽ |2pz〉B give the largest contributions to the ma-
trix element.
pi → pi
The phonon mode contributions to the intraband scat-
tering π → π is shown in table III. Just as in the case
4TABLE III: Numerical results for the contribution from all
the phonon modes to the intraband scattering (pi → pi)
ν 〈Φpi |∇vν |Φpi〉
ZO 0
TO 0
LO 0.12
ZA 0
TA 0
LA 0
of the σ → σ, the LO dominates completely. The corre-
sponding inter atomic orbital scattering contribution is
shown in table IV and the order of magnitude is similar
for all the inter orbital scattering.
It is not surprising that only the LO phonon mode is
in operation for the intraband scattering as the products
Φσ ⊗∇vLO ⊗ Φσ and Φpi ⊗∇vLO ⊗ Φpi are totally sym-
metric with respect to reflection in (x, y), (x, z) and (y, z)
planes, while the other phonon modes fail this require-
ment. However, the interesting point is the difference in
magnitude of the matrix elements, | 〈Φσ|∇vLO|Φσ〉 |
2 ≈
0.5 and | 〈Φpi|∇vLO|Φpi〉 |
2 ≈ 0.01, which indicates an or-
der of magnitude stronger EPC strength for the σ intra-
band scattering compared to the π intraband scattering.
TABLE IV: The atomic orbital contributions to the intraband
scattering matrix element (pi → pi) driven by the LO phonon
mode.
〈Φpi|∇vLO|Φpi〉 × 10
2
Orbital |2px〉A |2px〉B Sum
|2px〉A 3.65 2.44 6.09
|2px〉B 2.44 3.65 6.09
12.18
Interband scattering
The contributions from different phonon modes to the
interband scattering is shown in Table V.
The overall dominant contribution is due to the out-
of-plane acoustic phonon mode ZA. The contributions
to the e-ph matrix element from scattering between the
different atomic orbitals is revealed in Table VI.
The largest contributions is accounted for by the scat-
tering |2px〉A → |2s〉A och |2px〉B → |2s〉B.
We note that for the interband scattering the ZA
phonon mode is the only mode that contributes to e-
TABLE V: Numerical results for the contribution from all the
phonon modes to the interband scattering (pi → σ)
ν 〈Φσ|∇vν |Φpi〉
ZO 0
TO 0
LO 0
ZA 0.38
TA 0
LA 0
TABLE VI: The atomic orbital contributions to the interband
scattering matrix element (σ → pi) for the ZA phonon mode.
〈Φσ|∇vLO|Φpi〉 × 10
2
Orbital |2s〉
A
|2s〉
B
|2pz〉A |2pz〉B Sum
|2px〉A 10.48 2.71 0.76 5.00 18.94
|2px〉B 2.71 10.48 5.00 0.76 18.94
37.88
ph coupling, again the reason is that the ZA mode is the
only mode that gives a totally symmetric matrix element,
Φσ⊗∇vZA⊗Φpi. Furthermore, | 〈Φσ|∇vZA|Φpi〉 |
2 ≈ 0.14,
which indicates that the EPC strength of the interband
scattering is of the same order of magnitude as the intra-
band scattering processes. In more details, the numerical
calculation of the matrix elements indicate that the in-
terband scattering is even stronger than the intraband π
scattering.
In order to find out about the sensitivity of these re-
sults referring to the single screening parameter (α) of
the one-electron model potential we performed calcula-
tions of the three matrix elements as a function of α.
The results shown in Fig. 2 show that the ordering of
the magnitude of the matrix elements is kept in a wide
range of values of the α parameter. The steady decrease
of the matrix elements with α reflects the reduced screen-
ing length of the on site potential which will reduce the
effectively integrated volumes in the calculations of the
matrix elements
Finally we investigated the sensitivity of the distance
between the A and B site, RA. The aim is to get some
hint about the strain dependence of the EPC strength.
The results shown in Fig. 3 show that changes of RA
within 10 % (the range between the vertical dotted
dashed lines) do not change the ordering of the three ma-
trix elements. Furthermore the matrix elements decrease
monotonically in the range due to the reduced overlap
between the A and B atom.
Taking a step further with this tight binding approach
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FIG. 2: The three dominant matrix elements as function of
the α. The dashed line corresponds to a presumably reason-
able value for the screening parameter, α = 0.253 a.u−1.
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FIG. 3: The intra- and interband matrix elements as a func-
tion of RA. The vertical solid line represent the inter atomic
distance in graphene, RA =2.683 a.u.. The dashed dotted
vertical lines show the change of RA in range corresponding
±10%.
and consider nearest neighbor hopping when calculat-
ing the band state wave functions in Eq. (2), Φσk(r)
and Φpik(r) amounts to diagonalizing a 6x6 and 2x2 ma-
trix, respectively. Then for σ intra band scattering and
the interband scattering several additional atomic orbital
matrix elements will come in to play. However, still
the electron-phonon matrix elements we have analyzed
within the unit cell will be the dominant type of ma-
trix elements, simply due to large on-site wave function
overlap.
SUMMARY AND DISCUSSIONS
In this work the investigation is focused on the dom-
inant electron-phonon matrix elements in graphene. In
particular we are interested in getting a hint about the
relative importance of the intraband and interband elec-
tron scattering and to what extent the different vibra-
tional modes is in operation driving the scattering. For
this reason we simplify drastically the tight binding cal-
culation and consider only the σ and π bonding orbitals
of the carbon dimer in the unit cell.
In addition to the well known fact that the optical LO
mode dominates the intraband scattering σ → σ and
π → π, we find that the interband scattering π → σ is
expected to be surprisingly strong. For symmetry reasons
the only phonon mode driving the interband scattering
is the acoustic ZA mode. For a realistic model defor-
mation potential we find that for the carbon dimer the
inter molecular orbital scattering is stronger than the in-
tra molecular orbital scattering π → π while weaker than
the intra molecular orbital scattering σ → σ. In addition,
these results persist for any reasonable in-plane strain in
the graphene lattice.
The implication of these results is that in the energy re-
gion where the σ and the π electronic bands overlap we
can expect that the interband scattering will contribute
significantly, in addition to the intraband scattering, to
the electron-phonon coupling constant λ. This in turn
might be part of the reason for the experimentally large
large λ value near the top of the σ band. Near the Fermi
level there is no overlap between the π band and the σ
band and thus no contribution to λ from interband scat-
tering.
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